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Abstract. We classify endomorphisms of the plane that preserve a pencil of 
curves. 



Introduction 

In dynamical systems, an interesting role is played by systems that are integrable in 
the sense that they preserve some additional structure. In this note we are concerned 
with endomorphisms of the complex projective plane P 2 that preserve a pencil of 
curves Q 

More precisely, let / : P 2 — > P 2 be an endomorphism of algebraic degree d > 1 
and let V be a pencil of curves of degree k > 1 on P 2 , defined by tt : P 2 — > P 1 . 
For simplicity we shall assume that V is irreducible, that is, the generic curve in V 
is irreducible. (The reducible case is discussed in Section [3j) We say that / leaves 
V invariant if / maps any curve in V (on)to another curve in V . This implies that 
there exists an endomorphism g : P 1 — > P 1 of degree d such that vr o / = g o rr. 

Main Theorem. There are only two types of invariant irreducible pencils V . 

(i) V is an elementary pencil, that is, the pencil of lines through a point. Pick 
homogeneous coordinates on P 2 and P 1 such that tt[x : y : z] = [x : y]. Then 
f takes the form f[x : y : z] = [P(x,y) : Q(x,y) : R(x,y, z)]. 

(ii) V is a binomial pencil. This means that we may pick homogeneous co- 
ordinates on P 2 and P 1 such that tt[x : y : z] = [x h y k ~ h : z k ] where 
< h < k and gcd(/i, k) = 1. In this case, after conjugation with an element 
of PGL(3, C) preserving V, f takes the form f[x : y : z] = [x d : y d : R] or 
f[x : y : z) = [y d : x d : R) for R(x, y, z) = z d ~ kl Y\^ i= i{z k + CiX h y k ~ h ), where 
< / <d/k and a € C*. 

We shall only prove that an invariant (irreducible) pencil V must be elementary 
or binomial. The verification that / is of the form stated in the theorem is straight- 
forward and left to the reader. 

Date: February 2, 2008. 

Marius Dabija passed away on June 22, 2003. 

^See [Si] for a survey of dynamics on projective spaces and |J1UJ2] for dynamics of endomorphisms 
appearing in the Main Theorem. 
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Our main theorem should be compared to the classification of curves in P 2 that 
are totally invariant by an endomorphism. Such a curve must be a union of at most 
three lines \FS\ iDl ICL, BCS], a result that we exploit in the proof. 

The strategy is to study the interplay between the ramification loci of ir, f and 
g. In doing so, the reducible and multiple curves in V play an important role. We 
also use the minimal desingularization of V and the Riemann-Hurwitz formula to 
analyze the induced map between fibers. 

1. Counting ramification degrees 

Let V be an irreducible pencil of plane curves of degree k with associated pro- 
jection ir : P 2 — » P 1 , say ir[x : y : z] = [A(x,y,z) : B(x,y,z)] in homogeneous 
coordinates. By an element of V we shall mean the divisor of sA + tB for some 
[s : t] € P 1 . A curve in V will mean the (reduced) support of an element of V. 

The base locus B(V) is the (nonempty, finite) indeterminacy set of ir. The ramifi- 
cation locus is defined as follows. For an effective divisor D = Y^j m jDj on P 2 , 
set Rd = ^2j{ m j — Then R n = Y1 R-Di the sum being over the elements of V . 

Set e(V) := 2k-degR n . 

Lemma 1.1. We have e(V) > 2 with equality iffV is an elementary pencil. 

Proof. Consider a generic line LcP 2 . Then L n B(V) = 0, L is transversal to R w 
and all tangencies (if any) between L and the curves in V are quadratic. Applying 
the Riemann-Hurwitz formula to ir\i '■ L — > P 1 , which has topological degree k, we 
obtain 2 = 2k — deg R n — t, where t > is the number of tangencies as above. In 
particular, t = iff there are no tangencies and this is easily seen to happen iff V is 
elementary. Since e(V) = 2 + 1, the proof is complete. □ 

Now assume that / : P 2 — > P 2 is an endomorphism preserving V. Let g : P 1 — > P 1 
be the induced endomorphism, that is, ir o f = g o ir. Denote the ramification loci 
of / and g by Rf C P 2 and R g C P 1 , respectively. Write R^ for the part of Rf 
supported on curves in V . A direct calculation based onirof = goir yields 

Lemma 1.2. We have R 1 ^ + f*R w = R w + ir*R g . In particular, degR^ = e{d — 1), 
with e = e(V) as above. 

Since deg Rf = 3(d — 1) and e > 2 we see that e = 2 or e = 3. If e = 2, then V is 
an elementary pencil by Lemma ll.ll so let us assume from now on that e = 3. In 
particular, Rf is supported on curves in V. 

Lemma 1.3. Assume V has a reducible curve. Then V is a binomial pencil. 

Proof. As / maps curves in V onto curves in V, the reducible curves in V must be 
totally invariant for /. Since any totally invariant curve for / is a union of at most 
three lines |FSl IDl ICLl IBCS| . there is exactly one reducible curve, the union of two 
or three lines. 
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In the case of two lines, we assume A(x, y, z) = x h y k h with < h < k. Let rrijCj 
be the multiple curves of V, i.e. nij > 2 and Cj is reduced and irreducible. Then 
R w = Y. J j=i( m 3 ~ l ) c i + {h- l){x = 0} + (k - h - \){y = 0}. Taking degrees and 
using deg R T = 2k — 3 we get X^=i(l ~ = 1 — £■ Since k > 1, the unique solution 
is given by J = 1, mi = k. Thus V admits a multiple line. Since V is irreducible, 
this line cannot pass through [0:0: 1], so we may assume B(x,y,z) = z k . Then V 
is a binomial pencil. 

When the reducible curve is a union of three lines we may assume A(x,y, z) = 
x hyi z k-h-i wifa h,l > 0, h + I < k. Reasoning as above we get Ylj=i(^ ~ = 1> 
implying J = 2 and mi = 777,2 = 2. But then V is reducible, a contradiction. □ 

2. Ruling out the remaining cases 

From now on we assume e = e(V) = 3, that V has no reducible curve, and that / 
preserves V. In the end, we shall see that this is impossible. 

Let p : X — > P 2 be a desingularization of the pencil V, i.e. p is a composition of 
point blowups and ir : P 2 — ■> P 1 lifts to a regular map ttx '■ X — > P 1 defining a 
ruling on X. Let Exc(p) C X be the exceptional locus of p; we call its irreducible 
components exceptional primes. There are finitely many exceptional primes Ei, 
i = 1, . . . , I of Exc(p) that are horizontal, i.e. 7Tx maps .E^ surjectively onto P 1 , say 
with degree 774. Write £" for the union of the other (vertical) exceptional primes. 
Let Ft = 7r^ 1 (t), t G P 1 , be the fibers of irx- For generic t, F t is smooth, intersects 
Ei transversely at Tij > 1 distinct generic points, and is disjoint from E' . 

Recall that Rf is supported on curves in V. Moreover, since / is finite, the base 
locus B(V) C P 2 is totally invariant. Thus, for generic t, f induces a regular map of 
F t onto Fg( t ) an d restricts to a covering map of F t \ Exc(p) onto F g ( t ) \ Exc(p). By 
Riemann-Hurwitz this implies that F t is rational and that Yll=i n « = ^- In particular 
V has one or two base points in P 2 . 

As before, let rrijCj be the multiple curves of V. Since V has no reducible curves, 
the ramification locus R^ is supported on the C/s. Counting degrees as above, we get 
2— I = J2'j=ii^~^~)- As V is irreducible, the multiplicities nij are pairwise relatively 
prime. One easily checks that the only two possibilities are k = 2, J = 1, mi = 2 
and k = 90, J = 3, mi = 2, 7712 = 3, 777,3 = 5, respectively. 

In the first case we have a pencil of conies with a single double line. When there 
are two base points in P 2 , one checks that V has a reducible curve (and is binomial) , 
a contradiction. If there is a single base point in P 2 , we may assume A = y + x 2 , 
B = y 2 . Then / = 1, n\ = 1 in the notation above, contradicting J^nj = 2. 

In the second case, we have three multiple curves, of multiplicities 2, 3 and 5, 
respectively. We may and will assume that the resolution p : X —> P 2 of V is 
minimal, a condition that may be paraphrased as follows. Let be the divisorial 
valuation on the function field of P 2 associated to the horizontal exceptional prime 
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Ei, 1 < i < I. Then p : X — > P 2 is minimal with the property that the centers of 
v i on X are all one-dimensional. By considering the dual graph of p from this point 
of view (see e.g. |Sp[ IF J] ) one finds that at least one of the horizontal exceptional 
primes, say E±, intersects the other exceptional primes in a finite set Y consisting 
of at most two points. Thus at least one of the multiple fibers Ft = 7r^ 1 (t), say 
Fq, must intersect E\ but not Y. As noted above, a generic fiber Ft intersects E\ 
transversely at ri\ distinct points. Hence (Ft ■ E\) = n\ and this equation must then 
hold for all t. In particular it holds for the multiple fiber Fq. As^2 n i = 2, this is 
only possible if I = 1, n\ = 2 and Fq = 2Gq is a double curve. Here Gq is a priori 
reducible, but intersects E\ transversely at a single point, not in Y. 

Now pick a generic fiber F t and suppose that g(t) = 0, that is, the lift of / to X 
maps Ft into Gq. Then the two intersection points of Ft and E\ must map to the 
unique intersection point of Go and E\. Thus Go must be irreducible and we get a 
covering map of degree d > 1 from Ft \ E\ onto Gq\E\. By Riemann-Hurwitz, this 
is impossible. 

Hence, for t generic we cannot have g(t) = and in fact not g n (t) = either for 
any n > 1. This implies that t = is totally invariant for g 2 , so the corresponding 
curve Co in P 2 is totally invariant for / 2 , a contradiction since degCo = 45 > 3. 

This concludes the proof of the Main Theorem. 

3. Reducible pencils and further remarks 

Finally we discuss the case when V is reducible (but without base divisor). One 
must then be a little careful with the notion of invariance. For example, let V be 
defined by ir[x : y : z] = [x 2 : y 2 ] and set f[x : y : z] = [x 2 : y 2 : z 2 ]. Then / maps 
curves in V into, but not onto, curves in V . On the other hand, the preimage of a 
fiber is a union of fibers and we shall use this as the definition of invariance. 

It is a result of Bertini that V factors through an irreducible pencil V , say defined 
by 7r' : P 2 — » P 1 . This means that 7r = <j) o 7r', where <f) : P 1 — > P 1 is an endomor- 
phism of degree > 1. Clearly, if V is invariant by /, then so is V', which implies 
that V' is elementary or binomial and that / is as described in the Main Theorem. 

To completely solve the classification problem in the reducible case would therefore 
amount to the following problem. Given an endomorphism g' of P 1 associated to one 
of the situations in the Main Theorem, find all endomorphisms cp of P 1 of degree > 1 
such that 4>og' = gocj) for another endomorphism g. This appears to be an interesting 
and nontrivial problem, but one of a different flavor than the present note, and we 
shall leave it for now. 

Beyond the setup used here, there are numerous possible notions of integrable 
holomorphic dynamics. One could look at both more general (rational) mappings, 
more general structures (linear systems, webs, foliations,. . . ) and of course higher 
dimensions. In |DJj we study algebraic webs on P 2 invariant under endomorphisms. 
Cantat and Favre [CF| have classified infinite groups of birational surface maps 
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preserving a holomorphic foliation. Pereira [P] has outlined a generalization of the 
results in this paper from pencils to foliations. However, many interesting problems 
remain open. 
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